INTRODUCTION
Holomorphic mixed automorphic forms on semisimple Lie groups are automorphic forms on Hermitian symmetric domains associated to equivariant holomorphic maps of symmetric domains, and certain types of mixed automorphic forms arise as holomorphic forms on families of Abelian varieties parametrised by a locally symmetric space. The goal of this paper is to discuss Poisson transforms which carry sections of certain vector bundles to mixed automorphic forms, and identify vector bundles whose sections are liftings, via such Poisson transforms, of holomorphic forms on families of Abelian varieties.
Let T = {e" | -n ^ t < ir} be the unit circle in C, and let L X (T) be the space of complex-valued integrable functions on T. Given an element / e L X (T), if we write f(t) = /(e I( ) for t €T, the classical Poisson integral Vf of / is given by for 0 ^ r < 1 and 0 € R. It is well-known that Vf(re ie ) is a harmonic function for any / € L l (T) (see, for example, [15] ). If we use the normalised measure dr for T, then the formula (1.1) can be written in the form for all z eU, where U is the open unit disk { z € C | | z | < l } . Note that T and U can be identified with the quotients of SU (1, 1) by a maximal compact subgroup and a minimal parabolic subgroup, respectively. This observation suggests a possibility of extending the notion of the Poisson integral to the case of more general semisimple Lie groups. [2] Let G be a semisimple Lie group of Hermitian type, and let D = G/K be the Hermitian symmetric domain determined by a maximal compact subgroup K C G. Let a be a finite-dimensional representation of K in a complex vector space, and let P C G be a minimal parabolic subgroup. We denote by g and t the Lie algebras of G and K, respectively, and let p be the orthogonal complement of 6 in g relative to the Killing form. If ac is the complexification of a maximal Abelian subspace a of p and if A € aj., then a can be extended to a representation ap t \ of P. Thus we can consider the homogeneous vector bundle W(a Pf \) (respectively, V(<r)) over G/P (respectively, G/K) associated to a Pt x (respectively, a). In this setting, the analogue of the classical Poisson integral is the Poisson transform V\,p which assigns to each section <j> of W(ap,x) a section of V(a) (see [3, Section II.3.4] , [12] ).
Let G' be another semisimple Lie group of Hermitian type, and let D' -G'/K' be the Hermitian symmetric domain associated to a maximal compact subgroup K' c G'. Then a homomorphism fi : G -> G' of Lie groups with fi(K) c K' induces an equivariant holomorphic map r : D -» D'. Let F and F' be discrete subgroups of G and G', respectively, with /x(F) c F'. Given automorphy factors j : F x D -> GL{W) and j ' : V x D' -t GL(W) for finite-dimensional complex vector space W and W, a holomorphic mixed automorphic form on G is a (W <g» VF')-valued function on D defined using the automorphy factor (see Section 3). When G' is a symplectic group, mixed automorphic forms associated to certain automorphy factors can be identified with holomorphic forms of the highest degree on some families of Abelian varieties parametrised by a locally symmetric space.
Let a! be a subspace of g' = LieG defined as in the case of a C g. In this paper, we introduce the Poisson transform 7\ A -associated to A € aj and A' 6 a^* defined on the space of sections of a homogeneous vector bundle W(<7A,A') over G/P. Given a torsion-free discrete subgroup F of G and a F-invariant section <j> of W(CTA,A')I we prove that 7\A'<A is a holomorphic mixed automorphic form. Using the correspondence between mixed automorphic forms and holomorphic forms on families of Abelian varieties, we identify vector bundles whose sections are Poisson transform liftings of holomorphic forms of the highest degree on some families of Abelian varieties.
CANONICAL AUTOMORPHY FACTORS
In this section we describe holomorphic automorphic forms on semisimple Lie groups of Hermitian type and discuss canonical automorphy factors for such Lie groups.
Let G be a connected semisimple Lie group, and let K be a maximal compact subgroup of G. We assume that G is of Hermitian type, which means that the associated symmetric space D = G/K has a G-invariant complex structure. Thus D is a Hermitian [3] Poisson transforms 355 symmetric space and can be realised as a bounded domain in C* for some positive integer k. Let I V b e a finite-dimensional complex vector space, and let S be a subgroup of G. A map J : S x D -> GL{W) is called an automorphy factor of S if it satisfies the following conditions:
(ii) For all 51,52 £ 5 and z £ D, we have
Let F be a torsion-free discrete subgroup of G. Then the complex structure on D induces the structure of a complex manifold on the locally symmetric space X = T\D, and we can define automorphic forms on D as follows (see [2] ). (D) ; hence we obtain a complex structure I zo on p. We set and denote by P+, P-the C-subgroups of Gc corresponding to p + , p_, respectively; here (•)c denotes the complexification. Then we have
and (p)_ e P-the components of g such that
Let (Gc x p+). denote the subset of Gc x p + consisting of elements (g, z) such that g • exp z 6 P + KcP-, and set 
4), we see that a o J -. G x D -> GL(W)
is an automorphy factor in the sense of Definition 2.1.
[5]
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M I X E D AUTOMORPHIC FORMS
Mixed automorphic forms were introduced by Hunt and Meyer [4] who showed that holomorphic two-forms on an elliptic surface can be identified with certain mixed automorphic forms. Such mixed automorphic forms are defined by using automorphy factors that involve the monodromy representation and the period map of the given elliptic surface. On the other hand, holomorphic forms on the fibre product of elliptic surfaces correspond to mixed automorphic forms of higher weights (see, for example [7] ). Mixed automorphic forms of several variables and their connection with holomorphic forms on families of Abelian varieties have also been studied recently (see [8, 10, 9, 11] ). In this section we describe holomorphic mixed automorphic forms on semisimple Lie groups.
Let H-yz) =j (7,z) 
for all z 6 D and j € F.
Let j and j ' be as in Definition 3.1, and let F act on
M{r,j,f) = r\D x (W®W).
Then the natural projection Dx{W®W) -¥ D determines the structure of a holomorphic vector bundle on the induced map with fibre W®W. We denote by TQ{X, AA{T,j, j')) the space of holomorphic sections of , j , j') over X, that is, holomorphic maps s : 
and j £ 0 .
(ii) The map E x -• E gx induced by each g € 0 is linear for all x € M.
We shall now construct a homogeneous vector bundle associated to a representation of Sj. Let M -0/Jo be a homogeneous manifold, and let 77 be a representation of f) in a finite-dimensional complex vector space V. Then S) acts on the product © x V on the right by [8] of fl, where n is a nilpotent subalgebra of 0 (see for example [5, Section V.2]). Let A and TV be subgroups of G corresponding to the Lie algebras o and n, respectively, so that we obtain the Iwasawa decomposition G = KAN of G. Let M be the centraliser of A in K, and set P -MAN, which is a minimal parabolic subgroup of G. We shall write any element g G G in the form g -n(g) • e H^ • n with «;(</) G K, H(g) G a and n e N. Let G', K' and fi : G -* G' be as in Section 3. We shall denote various objects associated to G' by adding the prime symbol to the corresponding objects for G. Thus G" = K'A'N' is the Iwasawa decomposition of G', and each element g' G G' can be decomposed in the form
be the associated minimal parabolic subgroup of G', where M' is the centraliser of A' in K'. We assume that
fi(A) C A' and /i(N) c N'.
Let a (respectively, a') be an irreducible representation of K (respectively, K') in a finite-dimensional complex vector space W (respectively, W), so that a®(cr'ofx) becomes a representation of K in W <g> W. Given an element A e aj. we define the representation ax,p of P in W by for all m G M, a € A and n € N, where p is the half-sum of dim(0 a )a over the positive roots a of (0, a). Similarly, if A' S a^* and if p' is the half-sum of dim(0^,)a' over the positive roots a' of (0', a'), we denote by a' x , P , the representation of P' in W defined by 
K which implies that Tx,x'4> is a smooth section of V(CT ® {a' o //)). Since the function is analytic and K is compact, using (5.5), we see that Vx,x'<t> is also analytic. Furthermore, since D -G/K is assumed to have a G-invariant complex structure, it follows that Vx,x'4> is in fact a holomorphic section of the bundle V(o ® {a 1 o /n)). On the other hand, using 
Hence it follows that V\ t p(j> is a holomorphic mixed automorphic form on D of type (J a , J' a ,,n, T) for T. Q
K U G A FIBRE VARIETIES
In this section we describe families of Abelian varieties, known as Kuga fibre varieties, parametrised by a locally symmetric space and discuss a correspondence between holomorphic forms of the highest degree on Kuga fibre varieties and certain mixed automorphic forms.
Let V be a real vector space of dimension 2n defined over Q, and let /? be a nondegenerate alternating bilinear form on V also defined over Q. We denote by Sp(V,P) the symplectic group of the form /3 on V. Now we consider the homomorphism p : G -> G' described in Section 3 for G' = G'(Q) with G' = Sp(V,/7), and set
where K and K' are maximal compact subgroups of G and G', respectively, as before. Let F C G(Q) be a torsion-free arithmetic subgroup. Then the locally symmetric space X = F\D has a natural structure of a complex quasi-projective variety (see [1] ). Since it is assumed that n(K) c K', the homomorphism /x induces an equivariant holomorphic map T : D -y H satisfying
r(gz) = ii(g)r(z)
for all g 6 G and z 6 D. Let G «^ V be the semidirect product of G and V with respect to the action of G on V via /J.. Thus G K M V consists of the elements (g, v) in G x V, and its multiplication operation is given by 
